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Existence of inelastic supernumerary nuclear rainbow in 16O+12C scattering
S. Ohkubo1, Y. Hirabayashi2 and A. A. Ogloblin3
1Research Center for Nuclear Physics, Osaka University, Ibaraki, Osaka 567-0047, Japan
2Information Initiative Center, Hokkaido University, Sapporo 060-0811, Japan and
3National Research Center “NRC Kurchatov Institute”, RU-123182 Moscow, Russia
(Dated: February 20, 2018)
The existence of a supernumerary nuclear rainbow in inelastic scattering is reported. This is
done by studying inelastic 16O scattering from 12C, exciting the 2+ (4.44 MeV) state of 12C and
elastic scattering at the incident energies in the range 124 to 200 MeV, using the coupled channels
method. An extended double folding potential is used. This is derived from realistic wave functions
for 12C and 16O calculated with a microscopic α cluster model and a finite-range density-dependent
nucleon-nucleon force. Excitations to the 2+ (4.44 MeV), 3− (9.64 MeV) and 4+ (14.08 MeV)
states of 12C, and the 3− (6.13 MeV) and 2+ (6.92 MeV) states of 16O are included in the coupled
channels calculations. The emergence of the supernumerary bow is understood by the properties of
both the Luneburg-lens-like potential in the internal region and diffuse attraction in the outer region.
The existence of a supernumerary rainbow for inelastic scattering in addition to the existence of
a dynamically created secondary rainbow and a dynamically refracted primary rainbow for elastic
scattering, which are not observed in meteorological rainbows, further deepens the understanding
of nuclear rainbows.
PACS numbers: 25.70.Bc,24.10.Eq,24.10.Ht,
I. INTRODUCTION
The existence of supernumerary bows in the inner
bright side of the meteorological primary rainbow was
first explained by Airy in 1938 to be caused by the wave
nature of light [1–4]. The supernumerary bows also ap-
pear in the outer bright side of its secondary rainbow.
The classical concept of the rainbow phenomenon was
found to persist in quantum systems where the dual na-
ture of particle and waves dominates. Hundhausen and
Pauly [5] made the first observation of an atomic rain-
bow associated with the two supernumerary bows in the
bright side of the primary rainbow for the elastic scat-
tering of Na atoms from Hg atoms. The first observa-
tion of a nuclear rainbow was made by Goldberg et al.
for elastic α particle scattering from 58Ni [6]. Nuclear
rainbows have been widely observed in elastic α parti-
cle scattering and heavy-ion scattering under incomplete
absorption, which excludes a large class of potential am-
biguities of the nucleus-nucleus interaction potential [7–
9]. The potential that describes rainbow scattering has
been powerful in the study of the cluster structure of
nuclei such as α cluster structure in 44Ti [9] and the su-
perdeformed 16O+16O cluster structure in 32S [10, 11].
The existence of supernumerary bows in nuclear rainbow
scattering, which is often called Airy structure after Airy,
have been observed most clearly in heavy ion scattering
such as 16O+16O, 16O+12C and 12C+12C in the energy
range between 5 and 10 MeV per nucleon [7, 12–19].
Supernumerary bows in inelastic scattering, which are
not expected in meteorological rainbows but are possible
in quantum systems, have been observed in molecular ro-
tational rainbows such as Na2 scattering from Ne atoms
[20, 21]. The nuclear rainbow in inelastic scattering has
been observed and studied extensively in Refs.[7, 22–29].
The existence of nuclear rainbows in inelastic scattering
makes it possible to understand the interaction potential
for the inelastic channels up to the internal region. In
fact, the interaction potential determined in inelastic nu-
clear rainbow scattering has been powerful in studying
cluster structure. For example, α particle condensation
in the Hoyle state of 12C [30–33], four α cluster struc-
ture in 16O [34] and α+16O cluster structure with core
excitation in 20Ne near the threshold energy region [35].
However, the existence of a subtle supernumerary bow
in inelastic nuclear rainbow scattering has not been re-
ported until now. For the most typical 16O+16O system
the difficulty of resolution of the very close first excited
0+ (6.05 MeV) and the second excited 3− (6.13 MeV)
states of 16O hampered the identification of the Airy min-
imum for inelastic rainbow scattering [26]. On the other
hand, for the 16O+12C system there is no such resolu-
tion problem for the first excited 2+ state of 12C at 4.44
MeV. Also the Airy minima in the angular distributions
are not obscured by the symmetrization, which occurs
for systems with two identical bosons like 16O+16O and
12C+12C. For 16O+12C there are systematic experimen-
tal data of elastic rainbow scattering over a wide range of
incident energies at EL = 62−1503 MeV [13–17, 27, 36]
and we have studied the specific mechanism of nuclear
rainbows for this system such as the existence of a dy-
namically generated secondary bow [37], a ripple struc-
ture [38] and a dynamically refracted primary rainbow
[39]. The present authors were recently able to system-
atically verify the existence of the Airy minimum, A1,
of the primary rainbow for newly measured 16O+12C in-
elastic scattering in the energy range EL=170-281 MeV
[28]. A systematic evolution of the angular position of the
Airy minimum A1 with the inverse of the center-of-mass
energy was revealed. We note that the inelastic 16O+12C
scattering measured in Ref.[40] in the energy range where
2the supernumerary bows appear in the elastic channel has
not been paid attention from the viewpoint of a super-
numerary bow. It is intriguing and challenging to inves-
tigate the existence of supernumerary bows in inelastic
rainbow scattering.
The purpose of this paper is to report the existence
of inelastic supernumerary nuclear rainbows in 16O+12C
scattering in addtion to the A1 and to study their Airy
structure through a coupled channels analysis of the in-
elastic and elastic angular distributions of differential
cross sections.
II. EXTENDED FOLDING MODEL
We study 16O+12C scattering with the coupled chan-
nels method using an extended double folding (EDF)
model that describes all the diagonal and off-diagonal
coupling potentials derived from the microscopic real-
istic wave functions for 12C and 16O using a density-
dependent nucleon-nucleon force. The diagonal and cou-
pling potentials for the 16O+12C system are calculated
using the EDF model. We introduce the normalization
factor NR [8] for the real double folding potential.
Vij,kl(R) = NR
∫
ρ
(16O)
ij (r1) ρ
(12C)
kl (r2)
×vNN (E, ρ, r1 +R− r2) dr1dr2, (1)
where ρ
(16O)
ij (r) is the diagonal (i = j) or transition
(i 6= j) nucleon density of 16O taken from the micro-
scopic α+12C cluster model wave functions calculated
with the orthogonality condition model (OCM) from
Ref.[41]. This model uses a realistic size parameter for
the α particle and for 12C and is an extended version
of the OCM α cluster model of Ref. [42], which repro-
duces almost all the energy levels well up to Ex≈13 MeV
and the electric transition probabilities for 16O. We take
into account the important transition densities available
in Ref.[41], i.e. g.s↔ 3− (6.13 MeV) and 2+ (6.92 MeV)
in addition to all the diagonal densities. ρ
(12C)
kl (r) repre-
sents the diagonal (k = l) or transition (k 6= l) nucleon
density of 12C calculated using the microscopic three α
cluster model of the resonating group method [43]. This
model reproduces the structure of 12C well and the wave
functions have been checked against many experimental
data, including charge form factors and electric transition
probabilities [43]. In the coupled channels calculations we
take into account the 0+1 (0.0 MeV), 2
+ (4.44 MeV), 3−
(9.64 MeV), and 4+ (14.08 MeV) states of 12C. The mu-
tual excitation channels in which both 12C and 16O are
excited simultaneously are not included. For the effec-
tive interaction vNN we use the DDM3Y-FR interaction
[44], which takes into account the finite-range exchange
effect [45]. An imaginary potential (non-deformed) is in-
troduced phenomenologically for all the diagonal poten-
tials to take into account the effect of absorption due
to other channels, which was successful in the recent
coupled channels studies of 16O+12C rainbow scatter-
ing [28, 37, 38]. Off-diagonals are assumed to be real.
Coulomb excitation is included.
III. COUPLED CHANNELS ANNALYSIS AND
SUPERNUMERARY BOW IN INELASTIC
SCATTERING
In Fig. 1 angular distributions of elastic and inelas-
tic 16O+12C scattering at EL=124-200 MeV, calculated
using the coupled channels method, are displayed in com-
parison with the experimental data. We take NR=0.97
and the imaginary potentials given in Table I are used for
all the channels. In Fig. 1(a) the agreement of the cal-
culated angular distributions for elastic scattering with
the experimental data is comparable to Ref.[28]. The
energy evolution of the angles of the Airy minimum in
the angular distributions in elastic scattering is consis-
tent with that studied with the single channel optical
potential model in the lower energy region 62-124 MeV
in Ref.[14, 15] and in the higher energy region 132-260
MeV in Ref.[16]. In Fig. 1(a) we note that for the coupled
channels calculations in which the imaginary potentials
are switched off, supernumerary bows with higher order
Airy minima are seen at angles smaller than the A1 min-
ima. The supernumerary bows with Airy minima up to
A5 (order five) for elastic scattering have been observed
at lower energies between 85 MeV and 132 MeV by Szil-
ner et al. [15]. They observed the A2, A3 and A4 minima
at around θc.m.=94
◦, 60◦ and 40◦ in the angular distri-
bution for EL=124 MeV and at around 81
◦, 58◦ and 37◦
for EL=132 MeV, respectively [15]. Ogloblin et al. [16]
observed the A2 and A3 minima at around 55◦ and 39◦
at EL=170 MeV, respectively. At 200 and 230 MeV,
only the A2 minimum was observed at around 45◦ and
35◦, respectively [16]. Above this energy a higher order
Airy structure greater than A2 has not been observed,
although the A1 appears up to 608 MeV [16]. Regarding
the inelastic scattering to the 2+ state in Fig. 1(b), the
characteristic features of the experimental angular distri-
butions are reproduced well by the calculations. In the
angular distributions at 170 MeV calculated by switching
off only the imaginary potential in the channel of the 2+
state of 12C, we observe a minimum at around 60◦ faintly
in addition to the Airy minimum A1 at around 90◦ re-
ported in Ref.[28]. A similar minimum is seen clearly at
124 MeV.
Since there are no inelastic scattering experimental
data available between 170 and 124 MeV, in order to
facilitate identification of the order of the Airy minima
at 124 MeV, the energy evolution of the Airy minimum
between 170 and 124 MeV is displayed in intervals of
10 MeV in Fig. 2. In order that the Airy minima in
Fig. 1(a) in elastic scattering can be seen clearly, in
Fig. 2(a) the farside components of the cross sections
(in ratio to Rutherford scattering) calculated by switch-
ing off the imaginary potential are displayed. In Fig. 2(b)
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FIG. 1: (Color online) Angular distributions in 16O+12C scattering at EL=124, 170, 181 (180) and 200 MeV calculated with
the potentials in Table I using the coupled channels method (solid lines) are compared with the experimental data (filled circles
with vertical error bars) taken from [16, 28, 40], (a) elastic scattering and (b) inelastic scattering to the 2+ state of 12C. The
dotted lines are calculated by switching off the imaginary potentials in Table I in panel (a) and only the imaginary potentials
in the 2+ channel are switched off in panel (b). In panel (a) farside components calculated by switching off the imaginary
potentials are displayed by with dashed lines for EL = 124 and 170 MeV.
we can identify the Airy minimum A2 at around 63.5◦ for
EL=170 MeV and 97.5
◦ for EL=124 MeV in the angular
TABLE I:
The volume integral per nucleon pair JV of the DF potential
and the imaginary potential parameters (strength W , radius
R and diffuseness a) used in the coupled channels calcula-
tions are displayed. JV is given only for the elastic
16O(g.s.)-
12C(g.s.) channel.
EL JV W R a
(MeV) (MeV fm3) (MeV) (fm) (fm)
124 306.1 16 5.6 0.30
170 296.9 17 5.6 0.55
181 294.9 17 5.6 0.55
200 291.6 18 5.6 0.60
distributions calculated by switching off only the imagi-
nary potential in the 12C(2+) channel. At 124 MeV the
Airy minimum A3 is seen at 67.5◦. The minimum at 50◦
in the angular distributions of inelastic scattering at 200
MeV calculated by switching off the imaginary potentials
in Fig. 1(b) is found to be A2, which is faintly seen at
around 50◦ in the experimental data.
In Fig. 3 the farside contribution to angular distribu-
tions for elastic scattering at 124 MeV is displayed for
different imaginary potential strengths. The position of
the Airy minima in the coupled channel calculations does
not change for W = 0, 4 and 16 MeV. When absorption
is switched off (W = 0), the Airy minima appear in the
farside scattering angular distributions, A2, A3 and A4
at 104◦, 62◦ and 42.5◦, respectively. By increasing ab-
sorption to W = 4, the A2, A3 and A4 minima appear
clearly at 103◦, 62◦ and 42◦, respectively. Despite ab-
sorption, the supernumerary bows in elastic scattering
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FIG. 2: Energy evolution of the angular distributions in 16O+12C scattering calculated by switching off the imaginary
potential for EL=170-124 MeV at intervals of 10 MeV using the coupled channels method are displayed for (a) elastic (ratio
to Rutherford scattering) and (b) inelastic scattering to the 2+ state of 12C. For the inelastic scattering in panel (b) only the
imaginary potential in the 2+ channel is switched off. In panel (a) the solid lines represent the farside components. The labels
A1, A2 and A3 indicate the position of the Airy minimum of the order one, two and three, respectively.
survive at 124 MeV.
IV. DISCUSSION
The mechanism and the logic that the supernumer-
ary bow survives in inelastic scattering are quite similar
to elastic scattering. In fact, the A2, A3 and A4 Airy
minima at the angles around 97.5◦, 67.5◦ and 46◦ in the
angular distributions at 124 MeV calculated by switch-
ing off the absorption only in the 12C(2+) channel are
obscured when W is increased to W = 16. However,
their angular positions are slightly altered similar to the
elastic scattering case as shown in Fig. 1. The minimum
at around 95◦ in the experimental data of inelastic scat-
tering, which is very close to the Airy minimum A2 of the
experimental data in elastic scattering, is thus assigned
to be the higher order Airy minimum A2.
The similarity of the logic of the emergence of the su-
pernumerary Airy structure in inelastic scattering to that
in elastic scattering can be understood by looking at the
real potentials that cause strong refraction and astigma-
tism due to the diffuse surface of the nuclear potential.
In Fig. 4 the folding potential for the inelastic 16O(g.s.)-
12C(2+) channel at 124 MeV used in the coupled chan-
nels calculations in Fig. 1 is compared with that for elas-
tic scattering and a Luneburg lens potential. We see
that the potential for the inelastic channel (open circles)
with JV=303 MeVfm
3 is almost indistinguishable from
the elastic channel (solid line) with JV=306MeVfm
3. We
also clearly see that the potential for the inelastic channel
is similar to a Luneburg lens potential in the internal re-
gion. Notch test calculations, in which the diagonal real
potentials both in the elastic and inelastic channels are
slightly modified by adding a peaked attraction located
at R = R1 with a small width a1=0.15 fm, show that the
angular distributions at angles where the Airy structure
appears are sensitive to the internal region, R1 < 3 fm,
of the potential not only in elastic channel but also in
inelastic channel. A notch potential shifts the position
of the Airy minimum in the angular distributions. The
emergence of the nuclear rainbow with a supernumerary
bow is due the properties of both the Luneburg-lens-like
potential in the internal region and the diffuse attraction
in the outer region of the nuclear potential as in elastic
scattering [46].
In Fig. 5 the energy evolution of the angular position
of the Airy minimum for elastic scattering and inelas-
tic scattering are displayed as a function of the inverse
center-of-mass (c.m.) energies. The Airy minimum A1
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FIG. 3: (Color online) The farside contribution of the angular
distribution (ratio to Rutherford scattering) in 16O+12C elas-
tic scattering at EL=124 MeV calculated using the coupled
channels method and the experimental data (filled circles)
[40]. The dashed line, solid line and the dotted line repre-
sent the coupled channels calculation with W = 16 (Table I),
W = 4 and W = 0, respectively.
FIG. 4: (Color online) Comparison of the 16O+12C folding
potential for the inelastic channel to the 12C(2+) state (open
circles) at 124 MeV with that for elastic channel (blue solid
line) and a Luneburg lens potential (red filled circles) with
V0= 233 MeV and R0=4.26 fm. The Luneburg lens potential
is given by [46] V (R ≤ R0) = V0
(
R2/R20 − 1
)
and V (R >
R0) = 0 with R0 being the size of the lens.
for elastic and inelastic scattering to the 2+ state of 12C
at the higher energies EL=260 and 281 MeV determined
in Ref.[28] are also included. The Airy minimum A1 for
inelastic scattering is slightly shifted backward compared
with that for elastic scattering. This backward shift is
considered to be caused by the excitation energy effect
as discussed in Ref.[22]. This backward shift is small for
A2. The positions of the Airy minima A2 for inelastic
scattering vary approximately linearly with c.m. energy
similar to those for elastic scattering [17]. This seems to
support the assignment of the higher order Airy mini-
mum for inelastic scattering to the 2+ state of 12C.
Finally we mention that the present model with an
FIG. 5: (Color online) The positions of the Airy minimum
observed in inelastic scattering to the 2+ state of 12C (filled
squares) and elastic scattering (filled circles) of 16O+12C are
displayed as a function of the inverse center-of-mass (c.m.)
energies. The labels A1 and A2 indicate the order of the Airy
minima. The lines are to guide the eye.
EDF interaction enables us to study cluster structure
with the 16O+12C(2+) configuration at lower energies
and the emergence of a nuclear rainbow in inelastic scat-
tering in a unified way. This will be reported elsewhere
in a forthcoming paper.
V. SUMMARY
To summarize, we have reported the existence of a su-
pernumerary bow in inelastic scattering by investigat-
ing 16O+12C scattering to the 2+ (4.44 MeV) state of
12C. The systematic analysis of rainbow scattering at
EL=124-200 MeV was undertaken using an extended
double folding model derived from the realistic wave
functions for 12C and 16O calculated with a microscopic
α cluster model with a finite-range density-dependent
nucleon-nucleon force. In the coupled channels calcula-
tions couplings to the 0+1 (0.0 MeV), 2
+ (4.44 MeV), 3−
(9.64 MeV), and 4+ (14.08 MeV) states of 12C and the
0+1 (0.0MeV), 3
− (6.13 MeV) and 2+ (6.92 MeV) states
of 16O were taken into account. The coupled channels
analysis made it possible to assign the emergence of the
higher order Airy minimum and the known A1 minimum
in the inelastic scattering cross sections to the first 2+
state of 12C. The existence of a supernumerary rainbow
for the inelastic channel of nuclear rainbow scattering in
addition to the existence of a dynamically created sec-
ondary bow [37] and a dynamically refracted primary
bow [39] for elastic scattering, which are not expected
in meteorological rainbows, deepen the understanding of
rainbows under strong interactions.
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